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not been discussed in the TechnicalNote, note that it will contribute
to the conical sheet instability.Further investigationof the effect of
� uid swirl velocity on breakup length is required to elucidate the
relationshipbetween breakup length and both Weber and Reynolds
numbers.

Conclusions
The effect of � uid properties on the liquid sheet features, dis-

charge coef� cient, and sheet disintegration was examined experi-
mentally with a simplex pressure-swirl atomizer. The � uid proper-
ties of viscosity and surface tension both affect the sheet features,
that is, sheet surface appearance and spray cone shape. The � uid
properties of viscosity, surface tension, and density affect the dis-
chargecoef� cientof a pressure-swirlatomizer.For viscosity,the dis-
charge coef� cient decreases with an increase of Reynolds number,
but the change is reduced signi� cantly when the Reynolds number
becomes larger than 2 £ 103 . When Re > 2 £ 103 , both � uid density
and surface tension affect the discharge coef� cient.

The variation of the breakup length with Reynolds number and
Ohnesorge number indicates two distinct regimes. When Re < 2 £
103, the breakup length decreases with an increase of Reynolds
number, and is independentof Ohnesorge number. Liquid viscosity
is the primary factor that in� uences breakup in this region. When
Re > 2 £ 103 , both Reynolds number and Ohnesorgenumber affect
the breakup length such that enhanced liquid inertia (via Reynolds
number) reduces further the breakup length, and increased surface
tension (via Ohnesorge number) enlarges breakup length. Relat-
ing breakup length to Weber and Ohnesorge numbers also supports
these results with regard to the in� uence of liquid viscosity, surface
tension, and inertia on breakup length.
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Introduction

T HIS Note reports on development of a new, more straightfor-
ward relationship between certain solid rocket motor geomet-

ric properties and the predicted pressure spike. The values of this
theoretical relationship agree well with experimental data. It also
demonstrateshow to applythe relationshipto motordesignmethods.

Internal ballistics formulations developed for the design of solid
rocket motors (SRM) are derived from the conservative equations
usingeither thedifferentialor the integralform.1¡7 The lattermethod
is more convenientbecausecontrolvolumeselection for the internal
aerodynamics is de� ned by the motor geometry. It is also easier to
identify the origin of terms, that is, steady-state vs unsteady terms,
and, thus, to keep them separated.Because the substantialderivative
is decomposedinto temporal and spatial terms, it is easier to monitor
the mathematical rigor of the equations of motion and to apply
physicallymeaningful simplifying assumptions to convectiveterms
alone or to temporal terms alone. We follow the same procedure in
the present study to obtain unsteady equilibrium.

Before ignition, the pressure in the chamber is ambient. As the
propellantis ignited,it generateshotgas, which � lls the void volume
of the chamber and pressurizesit to the design pressure in the cham-
ber, and then the gas is ejected through the nozzle. In cases where
a burnt gas mass is generated in an increasinglysmall void volume,
the chamber � lls too fast, which causes a higher than designedpres-
sure in the chamber. For propellants with pressure-dependentburn
rates, such conditions create a feedback loop process that forces
ever higher generated mass, which cannot be ejected at the rate of
production and, thus, is stored. For a volume that is too large, on
the other hand, the same given generated mass is not suf� cient to
pressurize the chamber to the designed pressure level. In extreme
cases, the rocket motor is extinguishedprematurely.

When a thrust requirement forces designers to pack more grain
in a given volume to increase the mass fraction (initial to � nal mass
of an SRM,1¡3 usually both nozzle ef� ciency and void volume are
sacri� ced. Such a design constraintapplies to all sizes of SRMs, but
is more dramatic in small SRMs. This constraintsets the conditions
for a nonequilibrium, erosively burning motor. The main concern,
then,shifts from thechoicebetweenbalancedvsnonbalanceddesign
to that of solving of the problem of how to minimize and/or predict
the pressurespike in the chamber.This is an important issuenot only
for themotorperformancebut also for thecasematerialselection,the
wall thickness,and for thedesignsafetymargin.When a multinozzle
design is selected, a further reductionof the void volume, otherwise
available in the convergent cone of a single-nozzle design, occurs.
Although this is the reason why multinozzle design improves the
mass fraction, it is also what increases sensitivity to erosiveburning
and, thus, to pressure spike.

The present study � rst discusses the theoretical aspects of the
concept,which followsa previousdevelopmentof an unsteady-state
equilibriumformulation4 to developa modi� ed unsteady-stateequi-
librium formulation that leads to a new design criterion. Next, ex-
perimental data corroborate the theory and demonstrate its physical
interpretation.The data also demonstratehow to apply the equation
to motor design.
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Theoretical Background
By the use of the continuity equation in the integral form in a

similar fashion to that shown by Barrere et al. (Ref. 4, page 238),
the following equation was developed:

Vc ¢
1pc

pc ¢ 1t
C

Ab ¢ Pr ¢ 1t

1t
D

½p

½g
¢ Pr ¢ Ab ¡

pc

½g
¢ At =C¤ (1)

where Vc is the chamber void volume, p is the pressure, ½ is the
density, Pr is the burn rate, C¤ is the characteristic exhaust velocity,
and At and Ab are the throat area and the propellant burning area,
respectively.

Unlike Barrereet al.,4 who regroupedthe two mass � ow(unsteady
and steady state, respectively) terms containing Pr Ab , we obey the
substantial derivative decomposition rule. Thus, we keep the un-
steady terms on one side of the equation so that unsteady equilib-
rium conditions can be derived properly. Dividing Eq. (1) by Pr Ab

and canceling 1t , we obtain
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Lettingboth sides approachzero yields the desired equilibriumcon-
ditions. The steady-state condition, that is, the right-hand side of
Eq. (2), was similarly obtained elsewhere.1¡7 After 1Pc is de� ned
as the delta between the designed pressure in the chamber and the
pressure spike, that is, 1Pc D Pc ¡ Pspike, and 1P¤ as the dimen-
sionless term .1Pc=Pc/, the unsteady equilibrium condition can be
de� ned as

1 ¡
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¢

1p¤

Pr ¢ 1t
(3)

The void volume can be de� ned by the burning surface area times a
length that in some cases can match the gap between the propellant
burning surface and the nozzle throat. This distance X is called the
characteristic gap and is the product of dividing the void volume
by the burn surface area. After rearranging terms, the � nal unsteady
equilibrium ratio assumes the form

Pr1t=X D .pspike=pc ¡ 1/ (4)

where 1t is timescale of the given transient.
The characteristic length of the motor L¤ has been used in solid

motor design for several decades. According to Kruse,7 this length
de� nes the residence time of a rocket motor. The geometric char-
acteristic length L¤

geo , on the other hand, de� nes a purely geometric
ratio. The characteristicgap X can be related accordingly as
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³
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´
(5)

Because Kn is a steady equilibrium ratio, Eq. (5) demonstrates the
interdependency of the steady- and the unsteady-state equilibrium
criteria. Once the restriction ratio Kn is selected and Pc , Ab , At ,
and the grain geometry are derived using the � rst criterion, then the
minimal void volume is obtained based on the same Kn , the desired
pressure spike, the time 1t it takes to reach it, and the burn rate. The
restriction ratio Kn can be rede� ned using Eq. (5) as a function of
the characteristicgap X . This relationship,shown in Fig. 1, between
the steady-state equilibrium parameter Kn and the unsteady-state
equilibrium parameter X is characteristic of series hyperbolas that
depend on the value of L¤

geo. This can easily be shown in a void
volume with constant burn area such as that of an end-burningmo-
tor, where the dominant parameter de� ning this volume is X . For a
small X and a small Vc , the initially generated mass of hot gas pres-
surizes the chamber to a higherpressurepeak than that of a larger X .
Figure 1 shows these trendsqualitatively:The numberschangefrom
one propellantgrain composition to the next and from one chamber
geometry to another. Figure 1 represents propellant compositions
that are hard to start. For propellant compositions with slow burn
rate, that is, Mg/PTFE (a magnesium and Te� on® mix), detonation
or extinguishment may not occur. Mg/PTFE may experience com-

Fig. 1 SRM chamber equilibrium conditions.

bustion instability due to high void volume (or characteristic gap),
but continues to burn at ambient conditions.

Experimental Test Methods
Two developmentprograms, designed, developed,and tested on-

site, were selected from a repertoire of small rocket motors and
kinematic decoys.These motors representgrains with a mass that is
less than a pound and mass fraction of about 0.7. The grain geome-
try was not an end-burn type, but was rather a complex � nger shape
with internal groove and inhibited external surfaces. Both decoys
employed multinozzle geometry, which increases the sensitivity to
pressure spike. The tests were conducted using a pressure vessel
(bomb test apparatus type) with a pressure tap. The pressure trans-
ducer was quartz load cell with a builtin ampli� er. This sensorhad a
sensitivity of 1 § 0:1 mv/psi (i.e., millivolt/psi) and a resolution of
0.1 psi with dynamic range of 1–5000 psi. The sampling rate used
was 2000 Hz.

Experimental Test Results
Figure 2 shows pressure plots of experimental data from static

testing of the larger decoy. The pressure histories correlate with the
tail gap, which was measured before each of the � rings. The tail gap
represents the distance (in inches) from the internal surface of the
nozzle plate to the tail face of the grain. The void volume of this
con� guration consists of three main contributors: the complex, � n-
gerlike port volume (constant) of the grain; the multinozzle conver-
gent cones (negligible); and the volume formed by the gap de� ned
earlier (variable). The gap varied as a result of manufacturing toler-
ances. Before controllingand de� ning this tolerance, the gap varied
as a function of amount of adhesive, inhibitor, and the strength of
the operator who pushed the grain toward the nozzle plate. X-ray
photography, combined with direct measurements from the nozzle
plate, provided the actual gap measurement.

Figure 3 shows the data from the two programs reported. The
� rst set of data represents the larger decoy. The value of 1t (0.06 s)
represents the pressure rise time from zero to spike. The burn-rate
value of 0.59 in./s represents the mean value from several tests. The
next set of data represents a motor that is about a quarter of the � rst
in size (both diameter and length are different) with a 1t value of
0.09 s and a burn-rate value of 0.259 in./s. More experimental data
were available for this program.

The experimental X data points were obtained,dividing the mea-
sured void volume Vc by the measured burn surface Ab . The experi-
mental values of 1P¤ were obtainedby subtracting1 from the ratio
of the measured pressure spike to chamber pressure.The theoretical
curves are based on Eq. (4). Whereas the constants were obtained
when the measured burn-rate values were multiplied by that of the
rise time, the theoretical X data points were selected arbitrarily to
cover the range of the experimental data and, then, to determine
the 1P¤ values. Knowing the chamber pressure yields the pressure
spike. Figure 3 also shows that the correlation between the theo-
retical and the experimental is quite consistent. Also noticeable is
the sensitivity of the smaller motor to pressure spike (experimental
data points have lower values for higher values of spike-to-chamber
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Fig. 2 Static test results of pressure histories vs the tail gap.

Fig. 3 Pressure ratio D P ¤ vs X: experimental vs theoretical data.

ratio, which indicates higher values of pressure spike for smaller
X values). These � ndings show that Eq. (4) provides a reasonable
predictionof the pressure spike value once the burn rate and the rise
time are known.

Discussion
Variational principles8 dictate that for equilibrium conditions to

occurbothsidesofEq. (2) shouldvanish.Keepingsteady-stateterms
separatedfromtheunsteadytermsenablesseparateequilibriumcon-
ditions for each of these states. This seems not only mathemati-
cally correct but also true to the physical meaning of the substantial
derivative decomposition procedure in the mass � ow balance. The
geometric characteristic length, which de� nes the ratio between the
void volumeand the throat area,was obtained4 by mixing steadyand
unsteady terms. In contrast, the physical interpretation of the new
equilibriumconditionsis that, when the throat area is changed,new
steady-state conditions and performance occur, and thus the stage
is set for differentunsteady-stateequilibriumconditions.In the pre-
sented experimental tests, the throat area remained unchanged, but
pressure spikes occurred (see Fig. 2) as the X changed. Further-
more, the two motors reported in this study with different port area
and case diameter showed that variations in X correlatedwell with
the pressure spike. Finally, note [Eq. (5)] that the connecting term
between the purely unsteady condition, X , and the purely steady
condition, Kn , is the geometric characteristic length L¤, which was
originally derived from mixed terms.

Conclusions
A new design criterion for unsteady equilibriumin SRM was de-

rived from the conservativemass balance equation in integral form.
This relation[Eq. (4)] shows the dependencynotonlyof thepressure
spike on grain properties (such as burn rate and rise time) but also
on a geometric parameter called the characteristic gap. The char-
acteristic gap X de� nes the ratio between the void volume and the
propellant burning surface. In basic motor design, it is sometimes
close in dimension to the physical gap between the throat and the
end-grainsurface.The new unsteady-stateequilibriumwas corrobo-
rated with the experimentaldata and was found to work consistently
as a design tool to predict pressure spikes early in the design.

More experimental testing is suggested.The correlationbetween
the X and the pressure spike should be clearly demonstrated in an
end-burning-type test apparatus. In contrast to SRMs with com-
plex grain geometry, end-burning-typetest setups will enable visual
veri� cation of the relationship between the SRM geometric param-
eters and the design criteria of equilibrium conditions.
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Introduction

R ECENT government emission standards mandating low NOx

levels in advanced gas-turbine engines have led to the use of
lean, premixed combustion.1 Lean, premixed combustion reduces
thermal NOx by preventing the creation of the high-temperature,
stoichiometricinterfacesfoundin traditionaldiffusion� ames.How-
ever, the advantagesof this technique depend upon the � ame burn-
ing at the same lean equivalenceratio at all locationsand times. The
exponential dependence of NOx on temperature causes relatively
small spatial or temporal variations in equivalence ratio to produce
substantial increases in NOx emissions.2 Thus, mixing ef� ciency is
a critical property of any proposed lean-premixed combustor.

One proposed design for achieving the goal of well-mixed lean
combustion for natural gas applications, while minimizing the
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